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ABSTRACT
We consider Galois theoretical embedding problems with kernel Cy4, and
prove that such an embedding problem can be ‘constructively’ reduced to
two embedding problems, where the kernels are groups of roots of unity.

1. Introduction

Let M/ K be a finite Galois extension of fields with Galois group G = Gal(M/K),
and let

(1.1) 1o N=E—>G—1

be an extension of G with the finite group N. It is then natural to ask whether
there exists a Galois extension F/K with M C F and an isomorphism ¢ :
Gal(F/K) — E, such that 7 o ¢ = res, where res: Gal{F/K) — Gal(M/K)
is the restriction map. This is the (Galois theoreticalm) embedding problem
given by M/K and (1.1). A Galois extension F/K with the described properties
is called a proper solution to the embedding problem. A Galois extension F/K
with M C F is called a (weak) solution to the embedding problem, if there
exists a monomorphism ¢: Gal(F/K) — E, such that 7o = res. The group N
is called the kernel of the embedding problem.

In this paper, we will consider embedding problems with cyclic kernel of order 4
over a field of characteristic # 2. In particular, we will assume all fields to have
characteristic # 2. The central result is Theorem 1.1 below, where the embedding
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problem is reduced to two simpler embedding problems. In order to formulate
Theorem 1.1, we need to introduce some notation:

Let M/K be a finite Galois extension with Galois group G = Gal(M/K), and
assume that 7 = \/—_1 is in M. Also, let

(1.2) 1-C4>E—-G-1,

be a group extension, where Cy is the cyclic group of order 4.

We identify C; (as an abstract group) with the group gy of primitive fourth
roots of unity. We then have two G-module actions on p4 = C4: The Galois
action of G on ug4, which we will write as (o, () — o(, and the action of G on C,
induced by (1.2), which we will write as {(¢,() — °¢(. (Here o is an element of G
and ¢ an element of ug = Cy.)

We now have two induced group extensions: Omne obtained by restriction
of (1.2) to the subgroup N = {0 € G | oi = ?i} of G, and one obtained from (1.2)
by means of the homomorphism ¢ — ¢? of Cy4 onto ys. In both cases the kernel
is a group of roots of unity, since p4 and C4 are identical as N-modules.

THEOREM 1.1: Let M/K be a finite Galois extension with Galois group G =
Gal(M/K) andi € M. Let
(1.2) 1-C—-E—=-G->1

be a group extension. Let L be the fixed field of N = {0 € G | 0i = 9i}. Then
the embedding problem given by M/K and (1.2) is solvable, if and only if the
embedding problems given by M/L and

(1.3) 1= ps =7 YN)—= N1,
resp. by M/K and
(1.4) 15 ps = E/Cy — G 1,

are solvable.

We will prove Theorem 1.1 in section 2 below. Theorem 1.1 and its proof is
an explicit special case of [Ho, (3.8)].

Embedding problems in which the kernel is a group of roots of unity (with
Galois action) are called Brauer type embedding problems. The advantage
of Brauer type embedding problems is a nice criterion for solvability in terms
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of crossed product algebras, cf. [Br, Satz 7]. The two special cases (kernel pg
and p2) we need will be formulated explicitly in Propositions 2.2 and 2.4 below.

In sections 2-3 below, Theorem 1.1 and its Corollary 2.5 are used to obtain cri-
teria for embedding cyclic extensions of degree 4 in cyclic extensions of degree 16
(Theorem 2.8) and for embedding dihedral extensions of degree 8 in dihedral,
quasi-dihedral and quaternion extensions of degree 32 (Theorems 3.6-3.8).

As an application of these (somewhat technical) criteria, we consider automatic
realisations. An automatic realisation G = H, where G and H are finite
groups, is a statement that any field admitting a G-extension also admits an
H-extension. Automatic realisations have been considered by several authors.
See [Le] and [G&S] for references. We prove the following two results:

PROPOSITION 1.2: Q32 = Dys.

Remark: The automatic realisation Qg = D4 is well known, and is proved
e.g. in [J&Y, Th. (I11.3.6)]. The automatic realisation Q16 => Ds is proved in
[Le, Prop. 5.8]. The result of Proposition 1.2 is therefore not surprising, and it
is a reasonable conjecture that Qgn+1 = Dy» for all n > 1.

PROPOSITION 1.3: Dg = D1VQ16. (That is, any field admitting a Dg-extension
also admits a D1g- or a Q16-extension.)

Of course, the criteria of sections 2-3 work only in characteristic # 2. But
by a result of Witt, [Wi, Satz p. 237], Propositions 1.2 and 1.3 are trivial in
characteristic 2.

2. Embedding problems with kernel C,

Let M/K be a tinite Galois extension with Galois group G = Gal{M/K). We
will consider the embedding problem given by M/K and a group extension

(2.1) 15Ci—E—G—1.

If ¢ ¢ M, we consider the Galois extension M(i)/K instead. Obviously, this
extension has Galois group G x Cy, and we have an embedding problem given by
M(i)/K and the group extension

(2.1) 1—+C4—)E><Cz—1>G><02—>1.
X
Since the embedding problem given by M/K and (2.1) is solvable, if and only if

the embedding problem given by M(:)/K and (2.1') is, we may replace M/K by
M(i)/K and assume i € M.
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As above, we identify C4 and p4, and write the two G-module actions as
(0,() = ?¢ and (0,() — o(, respectively. We then define homomorphisms
e, f,g: G — {1,—1} by gi = i%, 9 = if* and g, = e, f, for ¢ € G. Also, we
define a new G-module structure on M* by

‘z=o0z%, zeM", ce.
When M* is considered a G-module in this way, we denote it M *. We then have
Cy C M*, as well as an induced G-action on M*/4 = M*/(M*)4.
LEMMA 2.1: Let w € M*. Then F/K = M(4/w)/K is Galois and a solution to

the embedding problem given by M /K and some extension

(2.1) 12Ci—»E—-G—1,

if and only if @ € (M*/4)¢ = H%(G, M*/4). In that case there exists a, € M*
for o € G, such that w/w = a, and (2.1) may be chosen to have characteristic
class [c] € H*(G,Cy), where

-1
Cor =0c ara,;, 0,7TEQG.

Proof: By Kummer theory, F//K is Galois, if and only if there exists i, € {1,—1}
and b, € M* for o € G, such that ow/w' = b2. If this is the case, we can extend

o € G to Gal(F/K) by
a(Y/w) = (obs (Yw)'e

for a suitable ¢, € us. Now, let x generate Gal(F/M), i.e., k(3/w) = - “\/a_.) for
some ¢ € pg. Then we have

05(4\/;) = (" (obs (4\/5)1'0

and
W o(y/0) = (G b, ()

for o € G. Hence, we must have (°v = ¢foiv, If © € (M*/4)C, we may assume
i, = go, and so the condition is fulfilled for a, = b32. Conversely: If w € (M*)4,
we have @ = 1 € (M*/4)C. If w € (M*)?2 \(M*)*, we write w = £2 for some
£e€e M*. Then F = M(\/Z), and so ( = —1. Since i, and g, are both odd, we
can let a, = bdo£lio9o~1)/2 and get “w/w = a?, and thus @ € (M*/4)C. Finally, if
w ¢ (M*)?%, we can choose ¢ =i and get i, = g,. Then “w/w = a? for a, = bd~.
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Now, assume “w/w = al for o € G, and extend o to 5 € Gal(F/K) by

6(4\/;) = (Coa'cr 4\/;)%,

where (, € u4. Also, let k5 € Gal(F/M) be given by 67 = k, 707 for o,7 € G.
Then na,T(“\/u;) = CC,,T“\/E for some , - € 4, and the factor system (o, 7) (o 7
represents (2.1). As

6'F(W) - 6(<Ta'r 4\/;}_)9T =o(]" UagT CgaTagUT (4\/;)%, = (CGGCT as%ar W)g”

and
50,7‘57—-(4\/;) = Kg,r (Co‘ra'a'r 4\/;_)9(” = (Ca'r Ggr Ca,'r 4\/‘;)gara
we get
Ca,‘r = Co‘ UC‘r a—r,—l *Co,rs

and hence [¢] = [c] € H*(G,C,y). 1

It is clear from the proof of Lemma 2.1 that [c] is independent of the choice
of a,’s. Also, if A = zw for z € M*, we can let b, = a, “x/z and get “A/\9" =
b%. The factor system obtained from A and the b,’s is then c¢. Thus, we have a
well-defined homomorphism A: (M*/4)¢ — H2(G,C,), given by A(@) = [d].

Obviously, M (4\/5) /K, w € M*, is a solution to the embedding problem
given by M/K and v € H?*(G,Cy), if and only if @ € (M*/4)¢ and A(®@) equals
either v or y~'. In particular, if M(4{/w)/K is a solution, all the solutions

are M{(4/rw)/K, where r runs through a set of representatives for the elements
of ker A.

Remark: The map A: (M*/4)Y — H?(G, C,) can be obtained as the composite
of two connecting homomorphisms in analogy with the argument in [Ki, pp. 826—
827]: From the short-exact sequences

1= (M) 5 M* = M*/4—1

and
1= Cy— MX 5 (M9* > 1

we get long-exact cohomology sequences
(ME — HI(G, (M*)") - HY(G, M)
i

and

Hl(GaMX) — Hl(GaMX)4) 'g_) H2(G,C4) - Hz(G)MX)’
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and A is then the composite d, 0 §;. However, unlike the situation in [Ki}, we do
not get an exact sequence

(M*/4)¢ — H*(G,C1) = HY(G, M),

since HY(G, M*) is not necessarily trivial. In fact, if L is the fixed field of

the kernel of g, we have H'(G,M*) ~ K*/Np,x(L*). Thus, the existence of

splitting factors a, as in Lemma 2.1 does not ensure the existence of an w.
From Lemma 2.1 we get

PROPOSITION 2.2: Let M/K be a finite Galois extension with Galois group G =
Gal(M/K) and pq € M*. Let

(2.2) lopuyy->E—-G->1
™

be a group extension with characteristic class v € H?(G,us). Then the em-
bedding problem given by M/K and (2.2) is solvable, if and only if i{y) =1 €
H?(G, M*), where i: H*(G, u14) » H*(G, M*) is the homomorphism induced by
the inclusion pq4 C M*. Furthermore, if M (“\/5)/}{ , w € M*, is a solution, all
the solutions are M(W)/K, re K*.

Thus, if the G-modules Cy and u4 are identical, we have a criterion for solv-
ability of the embedding problem given by M/K and (2.1) in terms of the Brauer
group Br(K): We identify the cohomology group H?(G, M*) with the relative
Brauer group Br(M/K) of the extension M/K in the usual way, cf. [Ja, Th. 8.11]
or [Lo, §30 Satz 2|, by letting the cohomology class [¢] containing a factor sys-
tem ¢ € Z?(G, M*) correspond to the equivalence class [M, G, c] of the crossed
product algebra (M, G, c). The element i(y) € Br(M/K) from Proposition 2.2
(and Proposition 2.4 below) we will call the obstruction to the embedding
problem.

If C4 and p4 are not identical as G-modules, we let N = ker g. This is is then
a subgroup of G of index 2.

LEMMA 2.3: Let M/K be finite Galois with Galois group G = Gal(M/K), and
let N C G be a subgroup of index 2. Let d: N - M* be a crossed homomorphism,
andlet k € G~ N, a € M*. Then d can be extended to a crossed homomorphism
d': G — M*, such that d,, = a, if and only if aka = dy2 and Vo € N: ca/a =
K'dn“an/da'

Proof: ‘Only if’ is clear, since we must have

de=d.=d xd =aka
K "~ K (.2
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and

Vo€ N:id,oa=d,od,=d,,=d 1, =d cd 1, = aKkds 1,

‘If": Direct calculations show that d': G — M*, given by d,, = d, and d,,,, = d, 0a
for o € N, is a crossed homomorphism. 1

Let L = F(N) be the fixed field of N, and let £ € G~ N. Choose a represen-
tative ¢ € Z2(G, Cy) of the characteristic class of

(2.1) 1-Ci—>E—G- 1

We may assume ¢, = 1 for c € N.
The embedding problem given by M/K and (2.1) gives rise to two other
embedding problems: One given by M/L and

(2.3) 1=y =7 Y N)—= N1,

which is solvable, if and only if [c|yxn] = 1 € H*(N,M*), cf. Proposition 2.2,
and another given by M/K and

(2.4) 1o pp = BE/C, — G -1,

where (2.4) has characteristic class [c?] € H?(G,uz). To handle this second
embedding problem, we need the following well-known result:

PROPOSITION 2.4: Let M/K be a finite Galois extension with Galois group G =
Gal(M}K). Also, let

(2.5) lopu>E—>G—1

be a group extenmsion with characteristic class v € H?*(G,u2). Then the
embedding problem given by M /K and (2.5) is solvable, if and only if i(y) =1 €
H?(G, M*), where i: H%(G, u2) — H?*(G, M*) is the homomorphism induced by
the inclusion py € M*. Furthermore, if M(\/J)/K, w € M*, is a solution, all
the solutions are M (+/rw)/K, r € K*.

A proof of Proposition 2.4 can be found in [Sch).
Thus, the embedding problem given by M/K and (2.4) is solvable, if and only
if [¢?] = 1€ H%(G, M*).
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Clearly, the embedding problems given by M/L and (2.3), resp. M/K and
(2.4), are solvable, if the embedding problem given by M/K and (2.1) is.

Now, assume that the embedding problems given by M/L and (2.3), resp. M/K
and (2.4), are solvable. Then there exist maps a: N -+ M* and b: G — M*, such
that

Copr =0s00ra ., O, TEN,
and

—1
oT?

ctz,,T =byobr b o,T€G.

The map 0 ¥ G K14k Cx x—10x 18 2 crossed homomorphism N — M*, and
with @ = a2 ¢, the conditions of Lemma 2.3 are fulfilled. Hence, there exists
r € M*, such that

ar
Yo € N: - = KO0y Crnlok

and
KT
— =02 Ci -
r

The map o > a2 /b, is also a crossed homomorphism, and so there exists s € M*,
such that

2
os a
Yoe N: — =2,
] be
Let
r2s
w = .
b. ks

Then ow/w = at for 0 € N, and *w/w = 1/r%. We extend a to G by
Gox = Qg /or, O EN,

and get
Vo€ G: — =a,.
w
Direct calculations now show that

Cor =0o°0ra,;, 0,TEQG,
and so M (“\/;) /K is a solution to the embedding problem given by M/K and

(2.1). This completes the proof of Theorem 1.1.
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Remark: If i € L, we can determine all solutions to the embedding problem
given by M/K and (2.1) from one solution, since we can describe the kernel
of A: From the commutative diagram

1 Cy y Cyx G y G , 1
!V | [
1 5 Cy Cix H H y 1,

where H = Gal(L/K), we conclude that any solution to the split-exact embed-
ding problem over M/ K is the composite of M /K and a solution to the split-exact
embedding problem over L/ K. Thus, we need only find ker A in the case M = L:

If L = K, the map A is trivial, and the kernel is K*/4. Hence, the elements
of the kernel are reprensented by the elements of K*. This corresponds to the
situation in Proposition 2.2.

If L # K: We seek all pairs (w,a) € L* x L*, such that "w/w = a* and
a®a = 1. Since g, = —1, we get wkw = a~* and ka/a = 1, ie.,, wkw = a~*
and @ € K*. This means that (a?w)k(a’w) = 1, and hence a?w = kz/x for some
z € L* by Hilbert 90. On the other hand: If we let w = a~2kz/x for a € K* and
x € L*, the conditions are fulfilled. Thus, the elements in ker A are represented
by the elements b?xx/x, where b € K* and © € L*.

In particular, if (2.1) is central we can describe the full set of solutions to the
embedding problem.

COROLLARY 2.5: Let M/K be a finite Galois extension with Galois group G =
Gal(M/K) andi ¢ M. Let

(2.1) 1-C,—-E—>G—1

be a group extension. Extend the elements g € G to M (i) by oi = i, and let k be
the generator of Gal(M(i)/M). Let N = {¢ € G | 7i = i}, F(N) = K(1/b) and
L = K(i+/b). Then Gal(M(i)/L) ~ G by restriction, and the embedding problem
given by M /K and (2.1) is solvable, if and only if the embedding problems given
by M/K and

(2.4) 1o pp = Elpy — G =1,
,n.l

resp. by M(i)/L and

(2.2) lopuys—2E—>G-1,

are solvable.
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Remark: Theorem 1.1 and Corollary 2.5 allow us to get criteria for solving
embedding problems with kernel C4 in terms of Brauer groups. However, a
number of special cases must be considered, corresponding to the location of K'(3)
within M (%). If the maximal elementary abelian 2-factor group of G is isomorphic
to (Z/2)", there are 2™ + 1 cases.

By Theorem 1.1, an embedding problem with kernel Cy has two obstructions,
corresponding to the two reduced embedding problems. In order to simplify
these, we need

THEOREM 2.6 ([Ja, Th. 4.7]): Let 2/K be a finite-dimensional central simple
algebra, and let B/K be a central simple subalgebra. Then the centraliser

Co(B) ={z €U |Vy € B: yz = zy}
is a central simple subalgebra of 4, and
A~ B K Cy(B).

Thus, [9] = [B][Cq(B)] in Br(K).

Since solvability of the embedding problem given by M/K and (2.4) implies
that the obstruction to the embedding problem given by M/L and (2.3) has order
at most 2 in Br(L), we can attempt to decompose this obstruction as a product
of quaternion algebras by means of Theorem 2.6.

We use the standard notation for quaternion algebras: For ¢,b € K*, the
quaternion algebra (a,b/K) is the K-algebra generated by elements ¢ and j with
relations i2 = a, j2 = b and ji = —ij. The equivalence class of (a,b/K) in Br(K)
is denoted (a, b). General references for Brauer groups, crossed product algebras
and quaternion algebras are [Ja, 4.6-4.7, 8.4-8.5] and [Lo, §§29-30]. For a € K*,
the algebra generated by elements i and j # 0 with relations i = a2, j?> = 0
and ji = —ij is split, and we will therefore use (a2,0) and (0, a?) to denote the
neutral element 1 of Br(K).

For elements a, b € K*, we write a =5 b, if a and b are quadratically equivalent,
ie., if a/be (K*)2.

PROPOSITION 2.7 (The cyclic group of order 8): Let M/K = K( /a)/K be a
quadratic extension, and let o be the generator for G = Gal(M/K). Then the
embedding problem given by M/K and

(2.6) 15C,—-Ci—G—1
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is solvable, if and only if the embedding problems given by M /K and

(2.7 1——>u2—>047>G—+1,

resp. by M{(i)/K(¢) and

(2.8) 1 — pg — 7 (Gal(M (i) /K (3))) 7 Gal(M(3)/K(2)) — 1,

are solvable. In fact, we have the following 3 cases:

(1) i € K. M/K can be embedded in a Cg-extension, if and only if ¢ €
Ny (M*). If i = Nyyg(z) for some z € M*, we get a solution
M(y/w)/K = K(§/w)/K by letting w = 022 - \/a.

(2) a = —1. M/K can be embedded in a Cg-extension, if and only if —1 €
Ny (M*). If =1 = Nyyk(x) for some x € M*, we get a solution
K(4/w)/K by letting w = 2iz.

(3) =1 and a are quadratically independent. We identify G and
Gal(M(31)/K (1)), and let k generate Gal(M(:)/M). M/K can be embed-
ded in a Cg-extension, if and only if i € Ny k) (M(4)*) and —1 €
Npg/ g (M*). If =1 = Nyg(z) and i = Nyiy k() (y) for z € M* and
y € M(i)*, we choose r € M* and s € M(i)*, such that or/r = yky and
os/s = y*/x, and let w = r?s/ks. A solution to the embedding problem is

then
Mo +r/Vw) = K+ /o).

Proof: Most of the theorem is obtained directly from Theorem 1.1 and
Corollary 2.5, since the crossed product algebras representing the obstructions
are all cyclic, cf. [Ja, 8.8] or [Lo, §30.4]. The last part of (3) is proved as fol-
lows: M (i,4/w)/K is a Cg x Co-extension containing a solution to the embedding
problem. We extend x to M(i,4/w) by x(3/w) = r/4/w and get x? = 1. The
solution contained in M (i,4/w)/K is then the fixed field F(x)/K. This fixed
field is M (4/w + 1/4/w), since

Vo +r/Vw=Yw+r(Vw) € F(r) MG, w). 1
THEOREM 2.8 (The cyclic group of order 16): Let M/K be a Cy-extension, let
o be a generator for Gal(M/K), and consider the embedding problem given

by M/K and

(2.9) 1= C4 = Cisg — Gal{M/K) — 1.
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It is solvable, if and only if the embedding problems given by M/K and
(2.10) 1= pe—Cy — Gal(M/K) — 1,

resp. by M(i)/K (i) and

{2.11) 1— Cy — 771 (Gal(M(3)/ K (3))) = Gal(M(i)/K (%)) - 1,

are solvable. We get the following three cases:

(1) i € K. We can then write M = K(“\/E) for some a € K*, and let o be
given by 0(“\/5) =1- 4\/5. The embedding problem is solvable, if and only
ifi € Nppyg(M*). And if i = Ny i (z) for some x € M*, we get a solution
M /w)/K = K(4/w)/K by letting w = gz 0222 0323 - 4 /a.

In terms of obstructions: It is necessary for solvability that there exists a, 3 €
K, o # 0, such that o — af3? = i. The obstruction to the embedding problem is
then

(a,a)(i,apB) € Br(K).

In particular: The quadratic extension K(1/a)/K can be embedded in a Cig-
extension, if and only if (a,7) = 1 € Br(K) and

(a,0) = (i,raf) € Br(K)

for some r € K*, where a € K* and f € K are chosen, such that o? — af3? = i.

(2) @ = —1: We must have —1 = u? + v? for some u,v € K, and M =
K(y/r(1 — iu)), where r € K*. The embedding problem is then solvable,
if and only if M/K and M/K(i) can be embedded in Cg-extensions, if
and only if —1 € Npyg(M*) and i € Npyga(M*). If Npyyg(z) = -1
and Ny giy(y) = i for some z,y € M*, we choose r,s € M*, such that
or/r = y and o%s/s = y*/z, and get a solution M(4/w)/K by letting
w=r1rs/z0s.

In terms of obstructions, the embedding problem is solvable, if and only if

(-1,7r)=1€Br(K) and (r(l—1iu),i) =1 € Br(K(3)).

In particular: K(i)/K can be embedded in a Cig-extension, if and only if
(—1,-1) =1 € Br(K) and

(=1,7) =1€Br(K) and (r(1-iu),i)=1¢€ Br(K(i))
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for some r € K*, where u,v € K, such that —1 = u? + 2.

(3) a and —1 are quadratically independent. We identify G and
Gal(M(4)/K (z)), and let k generate Gal(M(i)/K), Also, we may assume
a=1+c for somec € K, and M = K(y/r(a+ +/a)), where r € K*. The
embedding problem is then solvable, if and only if M/K can be embedded in
a Cg-extension and M (:)/K (i) can be embedded in a Cyg-extension, if and
only if =1 € Ny (M*) and i € Npsiay x (o) (M(8)"). IfNyyg(z) = —1 and
Nats)/ k(i) (y) = i for some z € M* and y € M(3)*, we choose r € M* and
s € M(i)*, such that or/r = yxy and 0s/s = y*/z, and let w = r®s/z ks.
A solution to the embedding problem is then

M(Yw+r/w)/K = K(\/w+r/{/w)/K.

Since M (i) = K(3,%/X), where A = 4r2(1 — ic)%a = [2r(1 — ic)]%a, we get
the following criterion in terms of obstructions: M/K can be embedded in
a Cyg-extension, if and only if (a,2) = (-1,r) € Br(K) and

(a,a) = (i,r(1 — ic)aB) € Br(K (i),

where o € K(i)* and 3 € K(i) are chosen, such that o — af? = i. (Such
a, 8 exist by the first part of the criterion, since (a,i) = (a,2) = 1 €
Br(K(i)).)
In particular: The quadratic extension K (\/c—z) /K can be embedded in a Ci6-
extension, if and only if

(a,a) =1€ Br(K), (a,2)=(-1,7)€Br(K), and
(a7 a) = (i,?‘(:t - Zy)aﬂ) € BI‘(K(Z)),

for somer € K*, wherex,y € K, such that a = z?+y?, and a € K(i)*, B € K(3),
such that o? — af? =i.

Proof: (1) The obstruction to the embedding problem is the cyclic algebra I =
(M,0,i) = Mu], where u* = i and uz = o(z)u for z € M. We will write this
algebra as a product of quaternion algebras: Obviously, M/K cannot be embed-
ded in a Cig-extension, unless K (\/5) /K can be embedded in a Cs-extension.
By Proposition 2.7 this is possible, if and only if  is a norm in K(\/E)/K. Thus,
we must have o, 8 € K, such that o® — af? = i. If @ = 0, we replace a and 3
by ¢ + 1 and ¢f to obtain a # 0. Let

i1=+/a, ji=(a+pVa+iv’)u,
=% j. =4 a(a+ Biva+u?).



122 A. LEDET Isr. J. Math.

Then 4 = a, j2 = =20, j1i1 = —i1j1, i3 = 4, j3 = 2afia, jois = —izja,
t1ia = 4941, Jila = doj1, t1j2 = Ja2é1 and jija = j271. Hence, the quaternion
subalgebras K{i;,j1] ~ (a,—2a/K) and Klis,j2] ~ (i,2a8/K) centralise each
other, and we have

[[] = (a, —2a)(i, 2afia) = (a,)(i,a8) € Br(K).

The last part follows, since K(+/a)/K can be embedded in a Cg-extension, if
and only if K(4/r%a)/K can for some r € K*.

(2) The obstruction to embedding M/K in a Cs-extension is (2, —1)(—1,r) =
(-1,7) € Br(K) by [Le, Ex. 3.1].

(3) As in the proof of Proposition 2.7, we extend & to M(i,4/w) by k(3/w) =
r/%/w, and get the fixed field F(x)/K as a solution. 8

Remark: The norm criteria of Proposition 2.7 and Theorem 2.8 are both special
cases of [AFS&S, Th. 3].

3. The dihedral, quasi-dihedral and quaternion groups of order 32

First some notation: When n > 2, the dihedral group D;~ is the group of

on

order 2"*! generated by elements ¢ and T with relations 62" =72 = 1 and 70 =

02" =171, the quasi-dihedral group QD is the group of order 2"*! generated

2 =92 =1 and yz = 22" ~ly, and the
quaternion group Qsn+: is the group of order 2"*! generated by elements z
and y with relations 22" =1, y? = 22" and yz = 2"~ y. Also, V, is the ‘Klein

Vierergruppe’ Cs x Ch.

by elements 2 and y with relations x

In this section, we will give criteria for embedding a Dy4-extension M/K in
D1g-, @D16- and Q3z-extensions. To do this, we need to solve some auxiliary
embedding problems:

Let M/K = K(\/E,i)/K, ac€ K* i= \/—_1, be a Vy-extension, and let 0,7 €
Vs = Gal(M/K) be given by 0+v/a = —\/a, 0i = i, T\/a = \/a and 7i = —i.

LEMMA 3.1: The obstruction to the embedding problem given by M/K and

(3.1) lopyy—— Dg— Vo1
iro? e

(a,2) € Br(K).
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Remark: Moreover, if p,q € K are chosen, such that p?> — ag® = 2, then

K(\/(p+ava) Va,i)/K

will be a solution to the embedding problem.

Proof: The obstruction is represented by the algebra I' = M[u,v], where u? = i,

v? =1, vu = —iww, ur = o(z)u and vz = 7(z)v for x € M. We then have a

quaternion subalgebra @ = KJi,v] ~ (—1,1/K) and find

Cr@) = Klva, (- il = (57).

Hence, I' = (—1,1/K) ®k (a,2/K), and [T} = (a,2). |
A similar argument gives

LEMMA 3.2: The obstruction to the embedding problem given by M /K and

(32) 1——)#4—-)(216——)‘/:1—)1
i—o? z»:g
Yy

is
(a,2)(—1,—1) € Br(K).
Now, let M/K = K(“\/a, i}/ K, a € K*, be a Dy-extension, and let o, 7 € Dy =
Gal(M/K) be given by 0(\/a) = i-4/a, 0i = i, 7(4/a) = 4/a and 7i = —i.
LEMMA 3.3: For the embedding problem given by M/K and

(33) 1—%}1,4———)D16——)D4—-)1
ot pAue

to be solvable, it is necessary that there exists o, € K, a # 0, such that
o? + af3% = 2. In that case, the obstruction is

(2,a8)(a,a{a — 1)) € Br(K).

Remark: If there exists a, 8 € K, such that o +af3? = 2, we can obtain a # 0:
Ifo = 0and char K # 3, wecanlet o = g— and 8’ = %ﬂ. If @ = 0 and char K = 3,
we can let ' =a—1/a and §' = (a + 1/a)p.

Proof: By Proposition 2.2, the embedding problem is solvable, if and only
if the crossed product algebra T' = (M, Dy,c) is split, where ¢ € Z%(Dy, p4)
represents (3.3).
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Obviously, the embedding problem given by M/K and (3.3) cannot be solvable,
unless M /K can be embedded in a Dg-extension. By [Le, Ex. 4.3], the obstruction
to this embedding problem is (2, —a) € Br(K). Hence, there must exist o, 8 € K,
such that o? + af8? = 2. By the remark above, we can assume a # 0.

The algebra I' is generated over M by elements u and v, such that u* = ¢
3v, uz = o(z)u and vz = 7(2)v for z € M. We let

v?=1,vu=—iu

7:1 = 7:7 jl =9,

ir=(1-®, jo=Vala+Bva+(1-iud),

is = \/a, ja=[2- (1+i)a-Bivalu—il2 - (1 -i)a+Bivalu’
Then i3 = —1, j? =1, j1i1 = —i11, 13 = 2, j3 = 2a0P, joiz = —izjo, i} = a,
j2 = 8a(a — 1) and jsiz = —isjs. Hence, we have quaternion subalgebras Q; =
K[ihjl] - (—'171/K)1 QZ = K[i27j2] = (27~2aaﬂ/K) and Q3 = K[i37j3] =
(a,8a(a — 1)/K) of . Furthermore, for p # g, the elements 4, and j, commute

with i, and j,. Thus, the tensor product Q; ® Q2 ® (3 is contained in I'; and so
~Q;®Q2:® Q3. In Br(K), we get

[ = (=1,1)(2,2a0f)(a,8a(a = 1)) = (2,ef)(a, (e~ 1)). W

Similar arguments give

LEMMA 3.4: For the embedding problem given by M /K and

(3.4) 15 ps —— QDig——> Dy — 1
ozt z:g

to be solvable, it is necessary that there exists o, € K, a # 0, such that
o? + af? = 2. In that case, the obstruction is

(2,aP)(a,—a{a — 1)) € Br(K).

LeMMA 3.5: For the embedding problem given by M/K and

(35) 1—%#4-——)Q32——)D4—)1
YN x:g
Yy

to be solvable, it is necessary that there exists o, € K, a # 0, such that
a? + af3? = 2. In that case, the obstruction is

(2,aB){a,a{e — 1))(—1,-1) € Br(K).
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Now, let M/K be a general Dy-extension. Dy-extensions are well-described,

and we use the description in [Le}: M/K = K(y/r(a+ By/a),/b)/K, where a

and b in K* are quadratically equivalent, r € K*, and «, 8 € K with a? —af? =
ab. Also, 0,7 € Dy = Gal{M/K) are given by

Vrle+pyva) - +ﬁf\/ r(a+pVe), Vb /b
T \/:(a+ﬂ\/c—z)v—>\/r(a+ﬂ\/a), Vb —/b.

For convenience we let § = 7(a + 81/a).

THEOREM 3.6 (The dihedral group): Consider the embedding problem given
by M/K and

(36) 1-Cy —— D16 —— Dy — 1.
ot piued

It is a necessary condition for solvability of this embedding problem that the
embedding problem given by M/K and

(37) 1—)/12—)D3—-‘7D4—)1
739

is solvable. The obstruction to this embedding problem is
(2, ab)(—b,ra) € Br(K)

by [Le, Ex. 4.3]. We will therefore assume (2, ab) = (-b,ra).

There are now five cases:

(1) i € K: The N of Theorem 1.1 is (o). Hence, L = F(N) = K(,/b), and
the restricted embedding problem is given by M/L and

1—)#4-)015-)04-)1.

The obstruction to this embedding problem is
(a',a')(i, o' §') € Br(L),
where a’ = [2rab(8 — iv/B)2a = ([(@ — B+/a)i + va\/B]\/8)" (ie., M = L(4/d')

and 0(4\/(7) = 7,4\/67) and o, (' € L, such that & # 0 and o/ —a’'3? = 4. (Such
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o, B exists, since (a',i) = (a,2) = (—a,2) = (ab,2) = (-b,ra) = (,ra) =1 €
Br(L).)

(2) @ =¢ —1: We then have N = (0%, 07) and L = K(i1/b). The restricted
embedding problem is given by M/L and

1—)/,L4—)D3———>V4—)1.

a2 oo’
T—OT

By Lemma 3.1, the obstruction to this embedding problem is
(2,7(a +14v/b)) € Br(L),
since M = L(\/8 + 0+/0,%) and (/8 + 0/8)? = 2r(a +i\/b).

(3) b = —1: This is the case considered in Lemma 3.3: We may assume
r=8=1 and a = 0, and get the obstruction

(2,8 (a,d' (' — 1)) € Br(K),

where o', ' € K, o # 0, such that o2 + af? = 2.
(4) ab =5 —1: We have N = (02,7) and L = K(+/a). The restricted embed-
ding problem is given by M/L and

1—>;1,4-—)D8—-——)V:1'—>1,
iro? oo?
T

and the obstruction is
(2,r(a + BV/a)) € Br(L).

(5) a, b and —1 are quadratically independent: Let  generate Gal(M (i)/M),
and identify Gal(M/K) with Gal(M(i)/K(i)). By Corollary 2.5, we must
consider the subgroup N = (o, 7k) ~ D, of Gal(M(i)/K), and let L = K(i+/b).
The restricted embedding problem is then given by by M(i)/L and

19 g 4>D16 >N —» 1.

o oo
THTK

This is the embedding problem considered in Lemma 3.3, and the obstruction is
(2,d'8)(d, o (o — 1)) € Br(L),

where o' = [2rab(8 — i1/b))%a (and hence M (i) = L(4/d,i)), and &, € L,
o # 0, such that o2 + a'3% = 2.
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THEOREM 3.7 (The quasi-dihedral group): Consider the embedding problem
given by M/K and

(38) 1-Cy — QDIG —— Dy — 1.
it T
YT

It is a necessary condition for solvability of this embedding problem that the
embedding problem given by M /K and

(3.7) 1 puo—>Dg——Dy—1
7

is solvable. Hence, as above we will assume (2, ab) = (—b,ra).
Again there are five cases:

(1)i € K: The N of Theorem 1.1 is (c). Hence, L = K(+/b), and the restricted
embedding problem is given by M/L and

1—),[1,4—)016——)04—}1.
The obstruction to this embedding problem is
(d/,a)(i,a'B") € Br{L),

where @’ = [2rab(B — i\/b)]%a = ([(a = By/a)i + \/E\/E]\/E)“ and o/, € L,
such that o/ # 0 and o — o/ = i. This is exactly the same criterion as in
case (1) of Theorem 3.6 above.

(2) @ = —1: We then have N = (0%,07) and L = K(i\/b). The restricted
embedding problem is given by M/L and

| y Q16 s Vg — 1.
i—rx? zra?
Yy—roT

By Lemma 3.2, the obstruction to this embedding problem is
(2,r(a +1iy/b))(—1,-1) € Br(L),

cf. case (2) of Theorem 3.6.

(3) b = —1: This is the case considered in Lemma 3.4: We may assume
r = =1 and a =0, and get the obstruction

(2,0'8')(a, =/ ( - 1)) € Br(K),
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where o/, ' € K, o # 0, such that o/ + af'? = 2.
(4) ab =, —1: We have N = (o¢2,7) and L = K(y/a). The restricted
embedding problem is given by M/L and
1o pus—>Dg—— V=1,

iro? a—ro?
TT

and the obstruction is
(2,7(a+ B/a)) € Br(L),
as in case (4) of Theorem 3.6.

(5) a, b and —1 are quadratically independent: Let k generate Gal(M (i)/M),
and identify Gal(M/K) with Gal{M(i)/K(i)). By Corollary 2.5, we must
consider the subgroup N = {0, 7k) 22 D4 of Gal(M{:)/K), and let L = K(z\/g)
The restricted embedding problem is then given by by M(i)/L and

1—>u4——4>QD16——+N—>1.

T Tr0
YITHR

This is the embedding problem considered in Lemma 3.4, and the obstruction is
(2,d'8)(a’,—d/(d/ — 1)) € Br(L),

where a’ = [2rab(§ — i\/l_))]za and o, € L, o #0, such that o> + a'f? = 2,
cf. case (5) of Theorem 3.6.

THEOREM 3.8 (The quaternion group): Consider the embedding problem given
by M/K and

(3.9) 15 Cy—— Q32— Dg— 1.
iz ZII':)(_;_T

As above, it is a necessary condition for solvability of this embedding problem
that the embedding problem given by M /K and

(37) 1—)[1,2—)Dg——>D4——)1
739

is solvable. Hence, we will again assume (2,ab) = (—b, ra).
There are now the usual five cases:

(1) i € K: We have N = (0) and L = K(,/b). The restricted embedding
problem is thus given by M/L and

1—)/,L4—*>016—)C4-—)1.
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The obstruction to this embedding problem is

(a/,a/)(i, &/ B) € Br(L),
where o' = [2rab(8 — iv/b)a = ([(e — B/a)i + v/ay/bly/6)" and o, 8 € L,

such that o/ # 0 and o/? — a/3" = i. Again, this is exactly the same criterion as
in the cases (1) above.

(2) a = —1: N = (¢6%,07) and L = K{(i\/b). The restricted embedding
problem is given by M/L and

1= g 16 » Vi — L
s x? ol
yHUT

By Lemma 3.2, the obstruction to this embedding problem is
(2,7(a + i/b))(=1, —1) € Br(L),

as in case (2) of the quasi-dihedral group.
(3) b = —1: This is the case considered in Lemma 3.5: We may assume
r =0 =1 and a = 0, and get the obstruction

(2,d/8)(a, o (o' = 1))(-1,-1) € Br(K),

where o, 3' € K, o # 0, such that o/? + af3"? = 2.
(4) ab = —1: We have N = (0?,7) and L. = K(\/a). The restricted embed-
ding problem is given by M/L and

1— g > Q16 y Vi = 1,
izl 0’
yl’_)'r

and the obstruction is

(2,7(a+ B+/a))(~1,—1) € Br(L)

by Lemma 3.2.

(5) a, b and —1 are quadratically independent: Let k generate Gal(M (i)/M),
and identify Gal(M/K) with Gal(M(i)/K(i)). By Corollary 2.5, we must
consider the subgroup N = (o, 7k) ~ Dy of Gal(M(i)/K), and let L = K (i\/b).
The restricted embedding problem is then given by by M (z)/L and

1 pg —— Qs 5 N — 1.
iz T
YITK
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This is the embedding problem considered in Lemma 3.5, and the obstruction is
(2,0/8) (@, '@ = 1))(~1,~1) € Br(L),

where o’ = [2rab(f — i\/I;)]Qa and o, € L, o # 0, such that o/ + a'f?% = 2,
cf. the cases (5) above.

Proof of Proposition 1.2: If —1 and 2 are quadratically independent in the
ground field K, the Dy-extension K(4/2,i)/K can be embedded in a
Dg-extension by Lemma 3.3: K must have characteristic # 3, and we have
(4/3)2 +2(1/3)? = 2. Hence, we can let o = 4/3 and 8 = 1/3, and get

(2,a8)(a, ale — 1)) = (2,4/9)(2,4/9) = 1 € Br(K).

If —~1 € (K*)2, the criteria for embedding a Ds-extension in Djg- and @3a-
extensions are identical. In the other cases, the obstructions differ by a factor
(—1,-1) € Br(K). Thus, we may assume that —1 and 2 are not quadratically
independent in K* and that —1 is not a sum of two squares in K. In particular,
—2 is not a square, and so we must have \/5 e K*.

Let M/K = K(y/r(a + B1/a), /b)/K be a Dy-extension as in section 3, and
assume M/K embeddable in a Q3z-extension. The cases a =2 —1 and ab=2 —1
are impossible, since they both include criteria of the form (2,z) = (-1,-1)
in Br(K), contradicting (2,z) = 1 and (—1,—1) # 1. We must therefore have
one of the cases b =, —1 and a, b, —1 quadratically independent. In both cases we
get (a,2—+/2) = (—1,—-1) by letting o’ = y/2and #' = 0. It follows that 2— V2is
not a square in K*, since (—1,—1) # 1. However, 2—+/2 = (1-/2/2)?+ (1/1/2)?
is a sum of two squares, and so 2 — \/§ and —1 are quadratically independent.
By Lemma 3.3, the Dy-extension K{(3/2 — \/5 ,1)/K can be embedded in a Dis-
extension. n

Proof of Proposition 1.3: We have quadratically independent a,b € K*, such
that (a,ab) = 1 and (2,ab) = (-b,z) for some x € K*.

If —1 and 2 are quadratically independent, we get a Djg-extension as in the
proof of Proposition 1.2.

If —1 € (K*)?, we have Dg & Q6 by [Le, Exs. 4.3-4.4].

If =2 € (K*)2: Let ¢’ = ab. Then (a’,a’b) = 1 and (2,a'b)(b, -1) = (-b,z),
and so we get a Qig-extension by [Le, Ex. 4.4].

€ (K*)? Assume first that there exists ' € K*, such that o’ is a sum of

three squares in K, but not a sum of two squares. Write o’ = p? 4+ q? + 12, and
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let ¥’ = p? + ¢?. Then (a’,a’t’) = 1 and (2,a'V')(¥,~1) = 1 = (=b',1). Thus,
we have a Q1g-extension. Otherwise every sum of squares in K is a sum of two
squares: If K is not formally real, we then have (2,ab)(b,—1) = 1, and so get
a Qie-extension. If K is formally real: We can let a = \/5 and 8 = 0. The
obstruction to embedding K (“\/(7, i)/K in a Dig-extension is then (a’,2 — 1/2).
If 2— /2 € (K*)?, we can use any o’ € K* N(K*)2. If 2 — /2 ¢ (K*)?, we
can let o' =4+ ﬁ, since 2 — ﬁ is a sum of two squares. Thus, we get a
D1g-extension. | |
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